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We introdue a new method based on ellular automata dynamis to study stohasti growth equa-
tions. The method denes an interfae growth proess whih depends on height dierenes between
neighbors. The growth rule assigns a probability pi(t) = ρ exp[κ Γi(t)] for a site i to reeive one
partile at a time t and all the sites are updated simultaneously. Here ρ and κ are two parameters
and Γi(t) is a funtion whih depends on height of the site i and its neighbors. Its funtional form
is speied through disretization of the deterministi part of the growth equation assoiated to
a given deposition proess. In partiular, we apply this method to study two linear equations -
the Edwards-Wilkinson (EW) equation and the Mullins-Herring (MH) equation - and a non-linear
one - the Kardar-Parisi-Zhang (KPZ) equation. Through simulations and statistial analysis of the
height distributions of the proles, we reover the values for roughening exponents, whih onrm
that the proesses generated by the method are indeed in the universality lasses of the original
growth equations. In addition, a rossover from Random Deposition to the assoiated orrelated
regime is observed when the parameter κ is varied.
PACS number(s): 89.75.Da, 02.50.-r, 68.35.Ct, 05.10.-a
I. INTRODUCTION
Disrete omputational growth models have been
largely investigated along the last deades, due to the
great interest in desribing various features of interfae
growth phenomena, observed in a wide range of phys-
ial proesses [1, 2, 3℄. As examples of kineti rough-
ening models we an mention the Eden model [4℄, the
ballisti deposition model (BD) [5℄ and some solid-on-
solid growth models in whih orrelation mehanisms are
present, suh as surfae relaxation [6℄, height dierene
restrition [7℄, urvature restrition [8℄ and surfae diu-
sion [9, 10℄. From an experimental point of view, growing
interfaes an be generated, for example, by Moleular
Beam Epitaxy (MBE) and vapor deposition over old
substrates (see Refs. [2, 3℄ and referenes therein).
The methodology used to study interfae growth phe-
nomena have also been applied to investigate Cellular
Automata (CA) [11℄, an immense lass of omputational
models whih desribe many phenomena in a wide sort
of sienti subjets. By means of an aumulation
method [12℄, usually one an map the evolution of a CA
into a growing prole and then apply the tools used to an-
alyze suh systems. This method has been used reently
to study deterministi [13℄ and probabilisti CA [14℄.
In the analysis of interfae growth one is generally
onerned about the temporal behavior of the interfae
roughness ω(L, t), whih is dened at time t as
ω2(L, t) =
1
L
L∑
i=1
[
hi(t)− h(L, t)
]2
, (1)
where L is the size of the substrate and h(L, t) is the
mean height of the generated prole.
For growing systems it is known that the roughness
grows initially with time t as a power law, dening the
growth exponent, β. After a saturation time tx, the in-
terfae reahes a stationary regime and the roughness
saturates. Both the saturation roughness, ωsat, and sat-
uration time, tx, depend on the system size, L, as a power
law, dening the roughness exponent, α, and the dynami
exponent, z, respetively. The roughness of the surfae
follows the Family-Visek saling law [15℄
ω(L, t) ∼ Lαf
(
t
Lz
)
, (2)
where the saling funtion f(u) behaves as f(u) ∼ uβ for
u ≪ 1, and f(u) = onstant for u ≫ 1. It follows that
β = z/α.
A set of values for the roughening exponents, in a given
dimension, speies a Universality Class (UC). Thus, if
two or more proesses have the same exponents values,
2one an say that they belong to the same UC, whih
means that their underlying dynamis have the same
symmetries and onservation laws.
Based on these symmetries, one an write a stohasti
dierential equation and assoiate it to the given UC.
This ontinuum approah often provides an analytial
treatment for growing interfaes and exat values to the
roughening exponents an, sometimes, be obtained.
In this paper we onsider two linear equations and
one non-linear one. They are, respetively, the Edwards-
Wilkinson (EW) equation [16℄,
∂h(x, t)
∂t
= ν∇2h(x, t) + η(x, t) , (3)
the Mullins-Herring (MH) equation [17, 18℄,
∂h(x, t)
∂t
= −K∇4h(x, t) + η(x, t) , (4)
and the Kardar-Parisi-Zhang (KPZ) equation [19℄,
∂h(x, t)
∂t
= ν∇2h(x, t) +
λ
2
(∇h)
2
+ η(x, t) . (5)
Here, h(x, t) is the loal height of the prole, assumed to
be ontinuous (eventual hangovers are to be ignored), and
η(x, t) is a gaussian noise, with zero mean and orrelation
given by
〈η (x, t) η (x′, t′)〉 = 2Dδd (x− x′) δ (t− t′) . (6)
The linear equations an be solved exatly and the val-
ues of the roughening exponents an be determined. For
the UC assoiated to the EW equation (3), the exponents
for a d-dimensional substrate are [16, 20℄
α =
2− d
2
, β =
2− d
4
and z = 2 . (7)
This equation an be assoiated to the Random Depo-
sition with Surfae Relaxation model (RDSR) [6℄, where
the partiles, after being deposited in a random position
on the lattie, are allowed to relax to the loal minimum,
onsidering the nearest neighborhood of the hosen site,
and stiks irreversibly to the aggregate.
The solution for the MH equation (4) yields [9, 10℄
α =
4− d
2
, β =
4− d
8
and z = 4 . (8)
This equation is assoiated to a deposition model known
as Growth with Surfae Diusion (GSD), where the
newly arrived partile seeks the position in the neigh-
borhood where the bonding is maximum [9, 10℄.
On the other hand, non-linear equations have no gen-
eral solutions for the roughening exponents. Neverthe-
less, for the KPZ equation (5) with d = 1, renormaliza-
tion group theory provides [19℄
α =
1
2
, β =
1
3
and z =
2
3
. (9)
This equation an be assoiated to two disrete mod-
els: the Ballisti Deposition (BD) [5℄ and the Restrited
Solid-on-Solid growth model (RSOS) [7℄. In the BD, the
falling partile stiks to a vertial position suh that
hi(t+ 1) = max [hi−1(t), hi(t) + 1, hi+1(t)] . (10)
In the RSOS model, at eah time step, a random po-
sition is hosen in the lattie and its height is inreased
by one unit, provided the restrition |∆h| ≤ m is obeyed,
where ∆h ≡ hi − hi±1.
Crossovers between distint UCs is a topi of great
interest as well. Muh attention have been given to
ompetitive growth models, where two dierent types
of partiles are deposited, one with probability P and
the other one with probability (1 − P ), allowing several
ombinations to rossover between dierent growth pro-
esses [21, 22℄. In partiular, models where some kind of
orrelated growth ours with probability P and Random
Deposition (RD) with probability (1 − P ) have been in-
vestigated reently, by means of simulations and saling
arguments [23, 24℄. A rossover from random to orre-
lated growth in the RSOS model have also been studied
reently by Aarão Reis [24℄ and a rossover from KPZ to
EW lass has been obtained by da Silva and Moreira in
a growth model with restrited surfae relaxation [25℄.
Our purpose is to develop a method [26℄ to study those
equations, based on CA dynamis. By using a simple dis-
retization sheme, we obtain numerial solutions for the
roughening exponents without atually having to solve
it, whih means that the method an be applied to equa-
tions whose solutions are not even known. In setion
II we outline the main features of the method suh as
denition of the parameters and their range of interest,
disretization shemes and a brief desription of the algo-
rithm. In setion III we show numerial results obtained
for the roughening exponents orresponding to eah UC
onsidered. In setion IV we present a desription of the
rossover from Random Deposition (RD) to orrelated
growth obtained by variation of κ. Finally, in setion V,
we draw some onlusions and perspetives for further
works.
II. THE METHOD
Consider a one-dimensional lattie of size L, initially
at and with periodi boundary onditions. In eah time
3step, all the sites are simultaneously visited and site i
reeives a partile with probability pi(t), given by
pi(t) = ρ e
κΓi(t) . (11)
Here 0 < ρ < 1 and κ > 0 are two parameters, xed
throughout the evolution of the interfae. The former
is related to the growth speed and the later an be as-
soiated to an inverse of temperature if one onsiders
an analogy with vapor deposition: the synhronous up-
date sheme an be thought as attempts for deposition
of vapor partiles on a old substrate, allowing the de-
velopment of growing strutures. Γi(t) is the kernel, a
funtion whih depends on heights of site i and its neigh-
borhood, at time t. Its expliit form will be given by
the disretization of the deterministi part of the growth
equation we are intended to study.
In the ase of the EW equation (3), the kernel is given
by the disretization of the Laplaian ∇2h,
Γi(t) = hi+1(t) + hi−1(t)− 2hi(t) . (12)
For the MH equation (4), the kernel follows from the
disretization of the negative of the fourth spatial deriva-
tive, −∇4h,
Γi(t) = − [6hi(t) + hi+2(t) + hi−2(t)] +
+ 4 [hi+1(t) + hi−1(t)] . (13)
Finally, the disretization of the square of the gradient,
(∇h)2, and the Laplaian yields the kernel for the KPZ
equation (5), whih is
Γi(t) =
1
ε
[hi+1(t)− hi−1(t)]
2
+
+ [hi+1(t) + hi−1(t)− 2hi(t)] , (14)
where ε > 0 is the parameter whih ontrols the non-
linearity strength: large ε implies a small ontribution of
the non-linear term, and onversely.
So far we have expliitly onsidered only the deter-
ministi part of the growth dierential equations (3) to
(5). Nevertheless, the stohasti nature of suh equations
ontained in the gaussian noise η(x, t) is simulated in our
method by the probabilisti harater of the growth pro-
ess. We have done a rigorous study of the symmetry
and deay properties of the height distributions, whih
orresponded to those of a gaussian distribution.
Note that, in the way we have dened the method, one
an eventually obtain pi(t) > 1. For this situation, we
impose the ondition
pi(t) ≥ 1 =⇒ pi(t) = 1 =⇒ hi(t+1) = hi(t)+1 . (15)
Hene, given a pair of values (ρ, κ), there is a maximum
kernel value, Γmax(ρ, κ), for whih
Γi(t) ≥ Γmax =⇒ pi(t) = 1 . (16)
Making pi(t) = 1 in equation (11) and having in mind
the fat that Γi(t) is an integer by denition, we nd
Γmax(ρ, κ) = int
(
−
1
κ
ln ρ
)
. (17)
Basially, for eah time step t the algorithm does the
following: (i) alulate Γi(t); (ii) ask whether Γi(t) ≥
Γmax; (iii) if so, a partile should be deposited in site
i; if not, a random number r is taken in the range [0, 1)
and pi(t) is alulated: if r < pi(t), a partile should
be deposited on site i; (iv) repeat steps (i) to (iii) for
i = 1, . . . , L; (v) those sites that should reeive a partile,
have their heights simultaneously inreased by one unit.
For onsisteny between the algorithm and the def-
inition of the method, equation (11), we must have
Γmax ≥ 1, beause Γmax = 0, aording to the algorithm,
would make the interfae grow at sine the beginning of
the proess and no saling features would be observed.
This ondition restrits the range of values of κ that are
to be onsidered,
Γmax ≥ 1 =⇒ κ ≤ ln
(
1
ρ
)
. (18)
We xed ρ = 12 throughout our simulations so that, in
a at surfae, eah site has probability p = 12 to reeive
a partile. Further analysis of the displaement rate of
the mean height showed that the parameter ρ is related
to the growth speed of the interfae.
III. ROUGHENING EXPONENTS
In this setion we show the results obtained for the
roughening exponents, for eah one of the three UCs. In
a lattie of size L = 104, we initially xed κ = 10−1 and
averaged the results over 50 independent samples.
The results obtained for the roughness of the interfaes
generated by the appliation of the method to the EW
and MH equations are shown in gure 1. Note the good
agreement between the growth exponent values obtained
in our simulations and the predited ones, equations (7)
and (8) with d = 1.
In the appliation of the method to the non-linear ase
of the KPZ equation, our simulations have shown that
in the situation where the ontribution from the Lapla-
ian vanishes (ε → 0) and the system evolves following
a pure non-linear dynamis, one obtains persistent un-
evennesses growing between valleys and hills, beause
the square of the gradient indues the development of
4100 101 102 103 104 105 106
t
100
101
102
ω
EW -> β = 0.250(2)
MH -> β = 0.373(9)
Figure 1: Log-log plots of the roughness as funtion of time,
for ρ = 1/2, κ = 10−1, L = 104 and averaged over 50 inde-
pendent samples. The irles represent the data for the EW
lass (β = 1/4 expeted), while the triangles are the data for
the MH lass (β = 3/8 expeted). Least squares method was
used in order to determine the indiated numerial values for
β.
suh strutures. We an see in the top frame of gure
2 the evolution of a prole generated in the pure non-
linear ase, where the set of probabilities reahes a stable
onguration suh that pi = onstant for all i: sites with
larger heights have pi = 1 and sites in the valleys have
pi = ρ (these valleys are symmetri, i.e. both sides have
same slope). Thus, when that stage is attained by the
system, the roughness, whih is a measure of the width
of the interfae and an be thought as the dierene be-
tween maximum and minimum heights, grows linearly
with time and we get β = 1. This behavior is shown in
the bottom of gure 2. It is worthy to mention that this
behavior is independent of the size of the system and
ours for all κ, the rossover from β = 1/2 to β = 1
happening for larger times as κ dereases.
In the top of gure 3, we show the prole generated
when one sets ε with small values (ε = 2), whih orre-
sponds to a small, but non-vanishing, ontribution from
the Laplaian term. In this ase the method produes
rystallized patterns with asymmetri hills and valleys,
in whih all sites i have pi(t) = 1 for all t (after a er-
tain transient time) and thus the roughness no longer
hanges. In the bottom of gure 3 we show the behavior
of the roughness for several system sizes and, as one an
see, for larger systems the roughness grows initially with
β ≈ 1/3 before the frozen onguration is reahed, while
smaller systems an saturate before that. We believe
that these strutures are attrators among the possible
ongurations of heights in the prole. So, for small ε,
the system always reahes suh absorbing ongurations.
In our simulations the size of the system is restrited to
L ≤ 105 so that we must make ε > 4 in order to have
the standard behavior of the roughness and to avoid suh
0 5 10 15 20 25 30 35 40 45 50
i
0
200
400
600
800
1000
hi
ε −> 0 99 < t < 1001       ∆t=100
100 101 102 103 104
t
100
101
102
103
104
ω
κ = 0.1
κ = 0.01
κ = 0.001
κ = 0.0001
ε −> 0
β = 1/2
β = 1
L = 1000
Figure 2: In the top frame we show the evolution of the proles
by hanging the olor of the partiles eah 102 time steps,
for 102 ≤ t ≤ 103, in the limiting ase of ε → 0. In the
bottom we display the log-log plot of the time behavior of the
roughness for L = 103 and several values of κ between 10−1
and 10−4. Note that for smaller values of κ the rossover
β = 1/2→ β = 1 ours at larger times.
anomalous ongurations.
We show in gure 4-a the results obtained for the
roughness, with ε = 5. Again, as one an see, a good
agreement with predition was obtained for the growth
exponent β. By making ε larger, a rossover from
β = 1/4 to β = 1/3 regimes is observed, as one an
see in gure 4-b, where we have ε = 10 for a system of
size L = 105. This rossover ours beause in the be-
ginning of the growth proess, when the roughness is not
large enough, the quadrati term of the KPZ equation is
muh smaller than the Laplaian, whih dominates and
provides β ≈ 1/4. As the roughness inreases, the non-
linear term beomes dominant and we get β ≈ 1/3. Of
ourse, if we let ε → ∞, this rossover does not our
anymore and we reover the results obtained for the EW
lass. This rossover has been previously obtained by
da Silva and Moreira [25℄ in a deposition model with re-
strited surfae relaxation, where partiles an relax only
within a given distane s. If a minimum annot be found
in this range, the partile evaporates in a way similar to
the RSOS growth model [7℄. An s-dependent rossover
from β = 1/4 to β = 1/3 was obtained by the authors.
50 10 20 30 40 50i
0
2×106
4×106
6×106
8×106
1×107
hi
ε = 2999999 < t < 15000001
∆t=1000000
100 101 102 103 104 105 106
t
100
101
102
103
ω
L = 25
L = 50
L = 100
L = 250
L = 500
L = 1000
ε = 2
κ = 0.1
β = 1/3
Figure 3: In the top frame we show the interfae evolution for
the ase of ε = 2, for 106 ≤ t ≤ 1.5x107, where we hange the
olor of the partiles eah 106 steps. In this ase the system
is very lose to a rystallized pattern. In the bottom we have
κ = 10−1 and several values of L in the range 25 ≤ L ≤ 103:
larger systems reah rystallized patterns while smaller ones
an saturate before that happens.
To determine the roughness exponent α and the dy-
nami exponent z, in order to have a omplete hara-
terization of eah UC, we varied the size L of the lattie,
but still holding κ = 0.1 xed. We made L = 25, 50,
100, 200, 300 and 400 for the appliation to the EW and
KPZ equations. In the MH lass, for whih z = 4, we
had to restrit our simulations to L = 20, 25, 30, 40, 50
and 60, due to the large saturation times for larger sys-
tems. The results are presented in gure 5 where, in the
left olumn, we show the roughness behavior for the sev-
eral sizes L onsidered. In the right olumn we apply the
Family-Visek saling law (2), with the orresponding ex-
peted value for α and z for eah UC, in order to obtain
the ollapse of the various urves into a single one. The
good ollapses obtained, together with the results for β,
orroborate that our method indeed reprodues orretly
eah one of the three lasses.
100
101
102
ω
data -> β = 0.333(16)
100 101 102 103 104 105 106
t
100
101
102
ω
data
ω ∼ t
 1/4
ω ∼ t
1/3
ε = 10
ε = 5
(a)
(b)
Figure 4: Log-log plots of the roughness as funtion of time,
in the appliation to the KPZ equation, where β = 1/3 is
expeted. In the top, we have ε = 5 for a system of size
L = 104. In the bottom, ε = 10 and L = 105, where a
rossover from β = 1/4 to β = 1/3 is observed. We have
drawn the funtions ω ∼ t1/4 (dashed line) and ω ∼ t1/3
(dotted line) for omparison.
IV. CROSSOVER FROM RANDOM TO
CORRELATED GROWTH
As we vary the parameter κ, making it smaller, we
identify a rossover from RD regime (β = 1/2) to the
orresponding orrelated proess. It was found that this
rossover does not depend on the system size L.
Dening the rossover time as tc, we see that tc, ωsat
and tx are all funtions of the parameter κ, in a power
law fashion:
tc ∼ κ
−z′
κ ,
tx ∼ κ
−zκ ,
ωsat ∼ κ
−ακ .
(19)
In the left of gure 6 we show the behavior of the rough-
ness for dierent values of κ, in the EW appliation of the
method: for a system of size L = 250 we made κ = 10−1,
10−2 and 10−3, and averaged over 40 independent sam-
ples. In the right of gure 6, we show the urve tc × κ,
where the power law t provided z′κ = 1.02(2).
In gure 7, we show the urves of saturation time and
saturation roughness against κ, in the EW appliation.
One again, the system size is L = 250 and the data is
the average of 40 independent samples. As one an see,
we found zκ = 1.04(3) and ακ = 0.509(2).
6101 102 103 104 105 106 107
t
100
101
ω
101 102 103 104 105 106 107 108
t
100
101
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ω
101 102 103 104 105
t
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ω
t / L2
ω
 / 
L1
/2
t / L4
ω
 / 
L3
/2
t / L3/2
ω
 / 
L1
/2
EW
MH
KPZ
Figure 5: Log-log plots of the roughness for various system
sizes L, in the three appliations of the method (left olumn).
As we apply the Family-Visek saling law, using the expeted
exponents for eah UC, good ollapses are obtained (right ol-
umn).
100 101 102 103 104 105 106 107 108
t
100
101
102
ω
10-6 10-5 10-4 10-3 10-2
κ
102
104
106
t
c
data
power law fit: y ~ x-1.02(2)
κ = 0.001
κ = 0.01
κ = 0.1
y ~ x1/2
y ~ x1/4
Figure 6: In the left panel, the temporal behavior of the rough-
ness for L = 250 and κ = 10−1, 10−2 and 10−3, averaged over
40 samples, in the appliation to the EW lass. The rossover
between β = 1/2 (RD) and β = 1/4 (EW) an be seen by
omparing the urves with the dashed and dotted lines. In
the right, the rossover time tc plotted against κ, exhibiting a
power law with exponent z′κ = 1.02(2).
For the other two lasses, MH and KPZ, we have found
very lose values for the κ-exponents as those obtained
for the EW lass. We onlude thus, that the rossover
from random to orrelated regime does not depend on
the mehanism that generates orrelations in the system.
It is worthy to mention that for the KPZ lass, when this
rossover from random to orrelated growth ours, it is
the Laplaian that dominates and the rossover should
always be from random to linear orrelated growth.
The fat that we have found zκ ∼= z
′
κ
∼= 1 shows that
10-3 10-2 10-1
κ
104
106
t
x
data
power law fit: y ~ x-1.04(3)
10-3 10-2 10-1
κ
101
102
ω
sat
data
power law fit: y ~ x-0509(2)
Figure 7: Saturation time (left) and saturation roughness
(right) as funtions of the parameter κ, for a system of size
L = 250 and averaged over 40 samples. From the power law
ts we obtained zκ = 1.04(3) and ακ = 0.509(2).
κ−1 plays the role of a harateristi time fator in the
evolution of the system. Furthermore, z′κ and zκ must
have the same value beause otherwise, making κ small
enough, we would have either the unorrelated regime
taking plae over the orrelated one (for the ase z′κ >
zκ), or the orrelated behavior strething over and over
(for z′κ < zκ), whih annot happen unless the system
size is inreased. In other words, the quantity tx − tc is
supposed to be a funtion only of the system size L.
The other result that we have obtained, ακ ∼= z
′
κ/2, an
be understood as follows. When t = tc, the roughness
value is, say, ω = ωc and, onsidering that so far the
system is under the β = 1/2 regime, we have ωc = t
1/2
c .
It is also lear that ωc ∼ ωsat, thus
ωc ∼ ωsat =⇒ t
1
2
c ∼ ωsat =⇒ κ
z
′
κ
2 ∼ κακ
=⇒ ακ =
z′κ
2
.
(20)
V. CONCLUSIONS AND PERSPECTIVES
We have introdued a new method, based on CA dy-
namis, to study stohasti dierential equations assoi-
ated to disrete deposition models. The method provides
a new tool for obtaining the roughening exponents, whih
depends only on the disretization of the deterministi
part of the equation, without having to atually solve it.
We applied this method to study two linear equations
(EW and MH equations) and a non-linear one (KPZ
equation), in d = 1. The values obtained for the rough-
ening exponents are in good agreement with predition,
showing that the method indeed reprodues eah one of
the three lasses onsidered. In partiular, for the non-
linear ase studied, a rossover from EW to KPZ lass
was obtained, for suitable values of parameter ε, whih
ontrols the non-linearity strength.
In addition, a rossover from RD to the onsidered or-
related lass was obtained when we varied the parameter
κ. The rossover time, saturation time and saturation
roughness were found to behave as power laws with κ,
7with numerial exponents z′κ = 1.02(2), zκ = 1.04(3) and
ακ = 0.509(2), respetively. These values have shown
to be nearly the same, independently of the onsidered
lass.
In further works, we proeed by applying the method
to growth equations in whih other terms appear, suh
as ∇2(∇h)2 and ∇ · (∇h)3, whih are the orretions up
to fourth order to the ∇2h term in the EW equation [28℄,
as well as verifying the validity of the method to growth
proesses in two-dimensional latties, where disretiza-
tion shemes are not as trivial as in one dimension.
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